
Int. J. Multiphase Flow, Vol. 5, 341-352 0301-9322/79/1001-0341/$02.00/0 
Pergamon/Elsevier, 1979. Printed in Great Britain 

T H E  S T R A T I F I E D  F L O W  O F  G A S  A N D  N O N - N E W T O N I A N  
L I Q U I D  I N  H O R I Z O N T A L  P I P E S  

NIGEL I. HEYWOOD and MICHAEL E. CHARLES 
Department of Chemical Engineering and Applied Chemistry, University of Toronto, 

Toronto, Canada M5S IA4 

(Received 15 January 1979; in revised form 15 August 1979) 

Abstract--Predictions of pressure drop and holdup are presented for the stratified flow of gas and 
non-Newtonian liquid obeying the Ostwald-de Waele power law model. The model of Taitel & Dukler 
(1976) for gas/Newtonian liquid flow is extended to liquids possessing either shear-thinning or shear- 
thickening laminar flow behaviour and computed results are given for flow behaviour indices in the range 
0.1 -< n -< 2. In particular, conditions are defined for drag reduction of the liquid flow by the presence of the 
gas. It is concluded that drag reduction occurs over the largest ranges of liquid and gas flow rates at the 
lowest n values, provided that liquid flow remains laminar, but that maximum drag reduction may be 
expected for shear-thickening liquids with n values of 2 or greater. Ratios of the liquid flow rate in the 
presence of gas to that for liquid flow alone under a constant pressure gradient are also presented. These 
ratios frequently exceed unity and are greatest for highly shear-thinning liquids. 

Although the Taitel & Dukler approach is consistent with experiments on gas/Newtonian liquid flow, 
and, in addition, appears to be valid for immiscible Newtonian liquid-liquid systems, provided that the 
viscosity ratio of the two phases is at least five, experiments are required to confirm its applicability for 
gas/non-Newtonian systems. 

I N T R O D U C T I O N  

It is well established that the pressure gradient of a high viscosity liquid flowing in a horizontal 
pipeline may be reduced by the presence of a much lower viscosity liquid, which is immiscible 
with the viscous liquid. An example of this phenomenon is the process patented by Clark & 
Shapiro (1949) in which water is injected into a crude oil pipeline; pressure gradients were 
reduced by an order of magnitude. Mathematical analyses of the flow were undertaken by 
Russell & Charles (1959) and Charles & Redberger (1962) and substantial pressure gradient 
reduction factors were predicted. 

Several studies have shown that a similar drag reduction effect occurs for stratified flow of 
gas and Newtonian liquid, although the authors have not always observed or stated the effect in 
their publications. Agrawal et al. (1973) conducted experiments on gas-oil stratified flow in a 
25.8-ram-i.d. pipeline and their data show that percentage drag reductions up to -50% were 
obtained at a superficial oil velocity of 0.014 m/s. Drag reduction is not immediately evident 
from their figures since the pressure gradient is not presented for oil flow alone at the same 
volumetric flow rate as in two-phase flow. At a higher oil velocity of 0.0616 m/s, a 30% pressure 
gradient reduction may also be observed. Asaturyan et al. (1973) have undertaken a theoretical 
analysis of laminar-liquid, turbulent-gas stratified flow in order to predict the ratio of liquid flow 
rate in the presence of gas to that existing for liquid flow alone, under a constant pressure 
gradient in both cases. Ratios considerably in excess of unity were tabulated for wide ranges of 
liquid holdup and varying shear stress contributions from interfacial shear between gas and 
liquid. 

In an attempt to justify the general form of the widely-used Lockhart-Martinelli (1949) 
correlations for holdup and two-phase pressure gradient, Taitel & Dukler (1976) have carried 
out a simplified analysis of stratified flow of gas and Newtonian liquid. Their predictions agree 
well with the experimental data of Agrawal et al. (1973) and also Russell et al. (1974), who used 
both air-water and air-glycerol/water mixtures flowing in tubes of 25.4-, 38.1- and 50.8-ram-i.d. 
However, the drag reduction effect was obscurred through the use by Taitel & Dukler of the 
Lockhart-Martinelli parameter d~o 2, the ratio of the two-phase pressure gradient to the pressure 
gradient for gas flow alone at the same volumetric flow rate, rather than the similarly-defined 
parameter d~L 2, based on the liquid flow. Values of d~L 2 less than unity indicate drag reduction, 
whereas values of d~G 2 greater than unity may or may not be associated with the phenomenon. It 
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is of interest to note that the correlations of Lockhart & Martinelli always give ~bL 2 values 
greater than unity, suggesting that drag reduction does not occur in any flow regime for gas and 
Newtonian liquid. 

The general validity of the Taitel & Dukler model is further substantiated if the model is 
applied to liquid-liquid systems, provided that there exists a substantial viscosity difference 
between the phases. This criterion is necessary in order that the more viscous liquid can be 
considered to flow with a "free" surface at the liquid-liquid interface, while the less viscous 
liquid is visualised as flowing in a closed duct. Using three different Newtonian liquid-liquid 
systems with viscosity ratios varying from 5.33 to 20.2 flowing in conduits of both circular and 
rectangular cross-section, Charles & Lilleleht (1%6) correlated laminar-turbulent pressure drop 
data using parameters similar to those of Lockhart & Martinelli (1949). The parameter ~b~ was 
defined as the ratio of the two-phase pressure gradient to the pressure gradient for the flow of 
the more viscous liquid at the same volumetric flow rate of more viscous liquid, while X 2 was 
defined as the ratio of the pressure gradient for the flow of the more viscous phase alone to that 
for the flow of the less viscous phase alone. Table 1 contains coordinates of the mean curves 
drawn through their data and may be compared with predictions for laminar Newtonian 
liquid-turbulent gas stratified flow from the Taitel & Dukler model. Excellent agreement is 
evident over the range 0.05 -< X 2 _< 10, but at values of X 2 > 10 drag reduction is not predicted 
by the Charles & Lilleleht correlation although one of their ~b~ values fell below unity at 
X 2= 19. Charles & Lilleleht comment that the general trend of their data would appear to 
indicate that, at values of X 2 in excess of 30, ~b 2 could possibly become less than unity. This 
has yet to be shown experimentally. 

Table 1. <b 2 Values for laminar liquid/turbulent gas or liquid stratified flow for Newtonian 
systems 

X 2 0.01 0.05 0.1 0.2 0.5 1 2 5 10 20 100 

~bM 2 Charles- -- 24.0 12.0 7.05 4.0 2.72 1.92 1.40 1.18 1.07 -- 
Lilleleht 

~bL 2 from 112 25.7 14.4 8.25 4.4 2.78 2.00 1.37 1.11 0.94 0.765 
TaiteI-Dukler 
model 

<b/, 2 Lockhart- 222 73 49 29 16.5 12.1 9.8 6.5 5.2 4.0 2.53 
Martinelli 

Table 1 includes also values of ~b/~ 2 given by the Lockhart-Martinelli laminar liquid-turbulent 
gas correlation. Two-phase pressure drops are in general over-predicted by a factor of 2 at low 
X 2 and as much as 4 at X 2 = 20, and it may be concluded that the Lockhart-Martinelli line is 
inadequate for the stratified flow regime. 

The purpose of the present work is to extend the Taitel and Dukler analysis to gas/non- 
Newtonian liquid stratified flow, where the liquid is in laminar flow and may be described by the 
Ostwald-de Waele power law model. Heywood & Richardson (1978) have shown recently that 
large reductions in pressure gradient are possible by the injection of air into a horizontal pipe 
carrying highly shear-thinning suspensions of flocculated koalin or anthracite, provided the 
suspension is initially in laminar flow prior to air injection. Owing to a limitation on the lowest 
superficial suspension velocity which could be measured accurately (0.25 m/s), only the plug 
(elongated bubble) and slug flow regimes were investigated; stratified flow could be obtained 
only at order of magnitude lower suspension velocities. The extended analysis presented here is 
not restricted to shear-thinning, or pseudo-plastic, liquids, but includes also predictions of drag 
reduction and corresponding liquid holdup for shear-thickening materials. Unfortunately, there 
is currently no published experimental data for gas/non-Newtonian stratified flow known to the 
authors. It is hoped that this will be rectified in the future so that the present predictions may be 
adequately tested. 
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MODEL DEVELOPMENT 

Taitel & Dukler (1976) began their stratified flow analysis by writing a momentum balance 
for each phase: 

dP 
- AL ( -~) tp  -- rwLSL + ziSi =0 

- Aa - ~  ,p 

[1] 

[2] 

where A is the flow area for each fluid; rw is the shear stress acting at the pipe wall; and S is 
the surface area per unit length of pipe over which the shear stress acts for each fluid, ri is the 
interfacial stress acting on Si which is in the positive x direction for the liquid and in the negative 
direction for the gas since the average gas velocity is generally greater than the average liquid 
velocity. By making the assumption that the two-phase pressure gradient, (dP[dx)tp, is the same in 
both phases, [1] and [2] were combined and a general dimensionless expression given: 

[31 

The reference variables for the dimensionless quantities were chosen as pipe diameter D for 
length,/32 for area and the gas and liquid superficial velocities, UGs and IlLs. The dimensionless 
variables in [3] are denoted by an overbar. Thus, /gL = DL/D, SL = SL/D, ,4L = AL/Dk OL = 
UtJ ULs, etc. The Fanning friction factors are defined by 

rWL = f L P ~  ; rwa = faP°l~ G2 [4] 

and 

~. = f  p d U ~ -  vL) 2 f ~e__~__~ 
2 - J i  2 if Ua>>UL [5] 

where p and U are the density and average velocity of each phase. Densities of both gas and 
liquid are assumed constant throughout. 

Newtonian expressions for either laminar or turbulent flow were used by Taitel & Dukler 
for fL and fa and the simplifying assumption of f,. = fc was made. The significance of this 
model may be extended to non-Newtonian materials by assuming that the liquid phase 
rheologicai behaviour obeys the commonly-encountered Ostwald--de Waele power law model: 

r = Kq" [6] 

in which K is the consistency index, ~, the shear rate and n the flow behaviour index. The 
appropriate Reynolds number for pipe flow is 

Re = DLn " U 2 - n  L "pL [7] 
3' 

where 

'y = K .  8 n - I  I 1  --~ 3 n ~  n \ ~ /  [81 
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Figure 1. Stratified flow parameters. 

and DL is the hydraulic diameter for liquid flow. The liquid is visualised by Taitel & Dukler 
(1976) and Agrawal et al. (1973) as if it has a "free" surface, as in open channel flow, while the 
gas is considered to be flowing in a closed duct. Thus, the appropriate definitions of the two 
hydraulic diameters are (figure 1): 

DL = 4 AL 4Aa 
SL and De = (S; + Sa)" [9] 

The liquid phase friction factor for laminar flow conditions is assumed to be given by 

16 
f L = ~  [10] 

while, for the gas phase, a general expression is 

\ Ixo I • 

[111 

In the case of laminar gas flow Ca = 16 and m = 1, whereas for a hydrodynamically smooth pipe 
at gas Reynolds numbers below lO s, CG = 0.079 and m = 0.25. Substitution of [7], [10] and [11] 
into [3] leads to a relation for the Lockhart-Martinelli (1949) parameter, X z, defined as the ratio 
of the pressure gradient for liquid flow alone to the pressure gradient for gas flow alone and 
based on flowrates of gas and liquid existing for two-phase flow: 

_ _ - -  • o 

-(dP/dx)sa UL" 4Da m Aa 4 AL 
[12] 

If Taitel & Dukler's assumption that fi is approximately equal to [~ is made, the equilibrium 
liquid level in the pipe, htJD =/~L, is a function of X and n only. This results because all the 
dimensionless quantities on the r.h.s, of [12] depend on/~£ only, according to the following relations 

derived by Taitel & Dukler: 

AG = 0.25 [cos -1 (2/~L- 1)- (2/~L- 1)~/(1 -(2/~L- l)Z)] [13] 

AL = 1r/4- ,4G [14] 

A = AL + ,4c [14a] 

So = co s-I (2/~L - 1) [15] 

g~ = ~ _ .% [161 

S, = V'[I - (2/~L - 1)21 [17] 

OL = AIA~ [18] 

0~ = A/-4a. [191 
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The liquid holdup, EL, is given by 

Thus 

& = 4_. ,,iL. [20] 
,/.g 

EL = f ( X ,  n). [21] 

Beginning with [2], Taitel & Dukler derived a general expression for the Lockhart-Martinelli 
parameter, 4~ 2, 

-(dP/dx),p = I221 
(~)G2 = - -  (dPldx)sG 4~G fG " " 

If the assumption that fi ~- fc is made again, we may reduce this expression to 

U G  2-m 
~bc 2 = ~ [23] 

and since, by definition, 

then 

SL 2 = -- (dP[dx)tp/- (dP/dX)sL = $a~/X  2 [24] 

Thus, for drag reduction to occur in stratified flow, 

OG 2-" < X 2./SG '+m. [261 

If, for a particular flow the holdup, EL, is known, this criterion may be used to determine 
whether drag reduction exists by evaluating [25] through [9], [12], [19] and [20] in conjunction 
with an appropriate value of m for turbulent gas flow. Substitution for X 2 in [25] using [12] 
gives: 

(])L 2 = L 

• -'Lr~ I+,, (_So+~.,rrA~)" [27] 

This expression may be compared with that derived by Heywood & Richardson (1978), who 
used a simplified plug flow model for the intermittent flow regime in which the average gas and 
liquid velocities are assumed equal. 

(~L 2 = I~L I-n = ~fL n-I [28] 

where AL is the input volume fraction of liquid defined as 

ULS 
AL = ULs + Ucs" [29] 

UG 2-m 

~L 2 = [251 
X2./3d+m" 
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In plug flow, it may be seen from [28] that the percentage drag reduction increases as n is 
reduced. In stratified flow, the effect of variation in n on ~bL 2 may be determined by 
differentiation of [27]: 

0q~L2 = K,. log ( O L ) U L  n 
On -~L " 0--~" [30] 

where 

K' g ° + ~  >0. [311 
SG +~" a~- ~ 

For a given [~L, /~L is constant and, therefore, so also is K'. Thus, OqbL2/On is positive, 
indicating again that the percentage drag reduction increases as n is reduced, provided that 
OL >/SL. By definition, OL must always exceed unity, whereas /SL is less than unity for 
EL < 0.5, and thus the criterion is fulfilled. In the range 0.5 < EL < 1.0, /}L exceeds unity and 
reaches a maximum value of about 1.22 at E L -  0.87. By equating OL and/SL, the condition is 
defined where ~L 2 is independent of n. This is achieved by iterating for/~L using [91, [131-[161 
and [18]. Values of important variables at this condition are 

/-~L = 1.21; 

X =  11.3 

~bL 2 = 0.752 

EL = 0.825. 

Oo = 5.73; /3L = 1.21 

These values hold for either laminar or turbulent gas flow. 
An alternative approach to the prediction of drag reduction for a constant liquid flow rate is 

to calculate the increase in liquid flow rate when gas is injected into the pipeline under a 

constant pressure gradient. Asaturyan et al. (1973) presented their results for laminar-liquid, 
turbulent-gas stratified flow in a horizontal pipe in this manner. In the present model, the 
criterion of a constant pressure gradient is fulfilled by equating the two-phase pressure gradient 
in [1] with that created by the flow of liquid at a superficial velocity, ULo. Thus, 

1 (,WLSL_ riSi) = 2fLoUZoPL A---~ D [321 

As before, the shear stresses, TWL and zi, are given by [4] and [5] while the friction factor, JLO, 
may be expressed by a similar functional relationship as in [10]. The appropriate Reynolds 
number is 

F i n  I" T 2 - n  
Reo - "-" ,~Lo OL [33] .y 

Substitution for rw£, *i and [Lo, and for AL from [9] leads to 

32yU~o[( UL ~" ( D ~ ' + " _ l  ] 2[opoUG2S~ 
D ~+" Lk-U-~LO/ "\-DLL/ = DLSL [34] 
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The required ratio of the liquid flow rate in the presence of gas to that for liquid flow alone 
under a constant pressure gradient is given by 

QL _ U L s  = A L  UL 
QLo- ULo --A" ULo" [351 

The two-phase pressure gradient may be expressed from [2], [4], [5] and [9] by 

dP - (-d~x )tp = 2f°Uc2P°D~ [36] 

or, alternatively, by 

dP dP 
[37] 

By combining [34]-[37] and introducing dimensionless quantities once again, we have 

• / D S \ i f .  
QL :,~L /5L.+2.)/.. (I + j _ i |  . [38] 

@ o  ~ ', DL & / 

Apart from n, all variables on the r.h.s, of [38] are functions of/~L only and are given by [9], 
[13], [14], [16] and [17]. Since liquid holdup is related to ,4L by [20] and to/~L by [13] and [14], 

Q,. 
Qt.o = g(EL, n). [39] 

From a known available pressure gradient and known gas flow rate and density,/~L and hence 
EL may be evaluated by iteration using [36]. The liquid flow rate ratio may then be obtained 
from [38]. QLo may be found by evaluating ULo in [37] and hence the liquid flow rate in the 
presence of gas, QL, may be determined. 

R E S U L T S  O F  C O M P U T A T I O N  F R O M  A N A L Y S I S  

Values of the Lockhart-Martinelli parameter ~bL 2 as predicted from [27] are presented in 
figure 2 for various n values corresponding to both pseudo-plastic and dilatant flow behaviour. 
Over the range 1 -< OL -< 1.21, ~bL 2 decreases for a given UL as n is increased from 0.1 to 2.0. 
However, the reverse is true for all OL> 1.21 and such behaviour is more in line with 
predictions of the plug flow model shown in figure 3, where, for all OL, ~bL z decreases as n is 
reduced for constant UL. Many instances of drag reduction (~L 2 < 1) are evident in figure 2. The 
drag reduction effect occurs over the greatest range of UL at the lowest n values, but, perhaps 
surprisingly, maximum drag reduction occurs at the highest n value plotted. Thus, a 36% 
maximum drag reduction occurs for n -- 2.0 whereas a 25.5% value is predicted for n = 0.1. 

In figure 4, 4~L z is presented as a function of the parameter X for various n values. Turbulent 
gas flow (m = 0.25) is assumed, and agreement is good between data for n = 1.0 and the 
corresponding predictions of Taitel & Dukler, who used an m value of 0.20 for turbulent gas 
flow. Over the plotted range 3.8 < X < 100, the Newtonian liquid data (n = 1.0) depict ~bL 2 < 1. 
However, the Lockhart-Martinelli correlation for laminar-liquid, turbulent-gas flow suggests 
that 4~L 2 never falls below unity at any X value in the range 0.01 < X < 100. This is true also for 
their turbulent-liquid, turbulent-gas correlation• In general, for any power law model n value, 
the differences between predictions of laminar gas flow and those for turbulent gas flow were 
negligible. This suggests that the flow regime of the gas is of minor importance, although it will 
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Figure 2. Lockhart-Martinelli parameter ~bL 2 for stratified flow of gas and power law liquids. 
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Figure 3. Lockhart-Martinelli parameter ~bt. 2 for idealised plug flow of gas and power law liquids 
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Figure 4. &t. 2 as a function of the Lockhart-Martinelli parameter X for stratified flow of gas and power law 
liquids (laminar liquid-turbulent gas). 

undoubtedly be an influence on whether a smooth or wavy interface forms between the phases. 
In fact, Taitel & Dukler give a single curve for ~ba plotted against X, for either laminar or 
turbulent gas flow. 

Maximum drag reductions are presented in figure 5 in the form of minimum values of ~L 2. 
As already noted, the maximum effect occurs at n = 2.0. An interesting suggestion from this 
curve is that maximum drag reduction is least for a liquid with n -  0.25, but increases once 
again for n <0.25. The minimum value for &L 2 of 0.714 obtained for a Newtonian liquid is 
consistent with previous findings for immiscible Newtonian liquid-liquid systems. For the case 
when both liquids are in laminar flow Charles & Redberger (1%2) predicted by a numerical 
analysis of the Navier-Stokes equations that maximum drag reduction increases as the 
viscosity of the more viscous phase increases, until a constant value is reached at high viscosity 
of the more viscous phase. Using the specific case of an oil-water system, the minimum value 

of ~b~ remained essentially constant at 0.763 for oil viscosities in excess of 0.1 Pa. s. Gemmel 
& Epstein (1%2) predict a minimum of 0.709 for ~b~. 
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0 . 6 5 0 ~ -  

I I I I I I I I r 0.771 
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0 . 6 0 0  ~ I I J _ _  I ] I I _ I ~ _ _  
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Flow behaviour index n 

Figure 5. Maximum drag reduction obtainable for power law liquids. 
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EL E ! 

0.1 1.0 10 100 
X 

Figure 6. Average liquid holdup for power law liquids as a function of the Lockhart-Martinelli parameter 
X. 

Liquid holdup is plotted in figure 6 as a function of X; the curves for various n apply 
equally well to either laminar-liquid/turbulent-gas or laminar-liquid/laminar-gas conditions. As a 
check, data for n = 1.0 agree with the Taitel-Dukler curve. It may be noted that for X < - 7, EL 
decreases with decreasing n for a given X, whereas for X > - 7 ,  EL is independent of n. E~ 
values corresponding to the 2= 1 are shown in figure 7. The plot may be interpretated by noting 
that any liquid holdup value which lies above the curve indicates drag reduction, whereas there 
is no drag reduction should holdup fall below the curve. Since, in stratified flow, pressure 
gradients are generally small and, therefore, difficult to measure accurately, the drag reduction 
condition may be more easily determined if n and EL are readily measurable. 

Predictions of the ratio QtJQLo for pseudo-plastic liquids are presented in figure 8. There 
exist large ranges of liquid holdup over which the ratio exceeds unity, indicating that liquid flow 
is increased by the presence of gas in these regions. The magnitude of the effect is greatest for 
highly pseudo-plastic liquids, the maximum values of the ratio occurring at low n values. The 
trend is continued for shear-thickening liquids in figure 9. However, it is interesting to note that 
even for a highly shear-thickening liquid with n = 2.0, the liquid flow may be increased by a 
maximum of 25% by injecting gas into the pipeline, but no advantage is to be gained if the liquid 
holdup is allowed to fall below -0.73. Maximum values of QdQLo for each n value studied are 
presented in figure 10. 
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D R A G  R E D U C T I O N  

t I I I I I I I 
0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 

Flow behaviour index n 

N O  D R A G  R E D U C T I O N  

I 
1.8 2.0 

Figure 7. Critical values of average liquid holdup below which no drag reduction can occur in stratified 
flow. 
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Figure 8. Increase in liquid volumetric flow rate by gas presence under constant average pressure gradient, 
for shear-thinning liquids. 
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Figure 9. Increase in liquid volumetric flow rate by gas presence under constant average pressure gradient, 
for shear-thickening liquids. 

6 

5 

4 

2 

1 

0 

I 

I I I I I I I [ I 
0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0 

Flow behaviour index n 

Figure 10. Maximum increase in liquid flow rate by gas presence under constant average pressure gradient. 
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CONCLUSIONS 

By extending the two-phase, stratified flow analysis of Taitel & Dukler (1976) to include 
liquids having power law flow behaviour, pressure gradient predictions may be presented by the 
Lockhart-Martinelli (1949) parameter d~L 2 as a function of X and the flow behaviour index, n. It 
has been found that liquid holdup is also a function of X and n only. Over the range 
0.1_ n-< 2, conditions are predicted where the two-phase pressure gradient is less than the 
pressure gradient for liquid flow alone at the same liquid volumetric flow rate (CbL 2 < 1) provided 
the liquid flow is laminar. This drag reduction is likely to occur over the largest range of liquid 
holdup at low n values, but the maximum effect is predicted to take place for liquids with n/> 2. 
Such behaviour is somewhat surprising since a simple plug flow model for intermittent flow 
applied by Heywood & Richardson (1978) to power law suspensions suggests that drag 
reduction will not occur at all for shear-thickening materials. 

The ratio of the liquid flow rate in the presence of gas to that existing for liquid flow alone, 
under a constant pressure gradient in both cases, increases for a given liquid holdup as n is 
reduced in the range 0.2 -- n -< 2.0. The range of EL over which the ratio is greater than unity 
also increases as n is reduced. Maximum values of the ratio rise rapidly at low n values, 
indicating that the presence of gas is most advantageous in increasing liquid flow for highly 
shear-thinning liquids. 

Although no known experimental data are available at present to verify predicted behaviour 
of gas/non-Newtonian systems, the Taitel & Dukler approach appears basically sound in view 
of its ability to describe well pressure drop data for both gas/Newtonian liquid and Newtonian 
liquid/liquid stratified flows. A series of fundamental experiments is now required to test 
current predictions for gas/non-Newtonian systems. 
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